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The limit on power available to the engine from a separate
power source is usually prescribed as an upper bound on the
exhaust power:

P = (4)

To minimize the mass of the propellant consumed, it is
equivalent to maximize the final mass for a given initial mass.
Consider

dt \m
m

"m~2
I!
2P (5)

where Eq. (4) has been used to eliminate the mass variable
from the right-hand side of Eq. (5). Integrating Eq. (5) yields

_ L _ _ L = 1/2mf m0

r2(0
(6)
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One can maximize m/by minimizing the right-hand side of Eq.
(6). Because the solution to the equations of motion (1) and (2)
depends only on the vector T(t) and the initial conditions r(t0)
and v(t0), the right-hand side of Eq. (6) is minimized by
choosing the power to be constant at its maximum value of
P(t) = Pmax. For this reason the cost functional to be mini-
mized can be taken to be, simply

(7).7=1/2 T2(t)dt

Introduction

FOR a power-limited spacecraft the necessary conditions
for an optimal (minimum-propellant) trajectory and the

equations of motion can be combined into a single fourth-or-
der differential equation for the position vector. Every solu-
tion to this equation then represents an optimal trajectory
through the specified gravitational field. By imposing the ap-
propriate boundary conditions on the solution of this equa-
tion, the desired optimal trajectory can be determined. A
significant increase in payload can be attained by an optimal
trajectory.

Cost Functional for an Optimal Trajectory
A brief derivation of the cost functional for an optimal

power-limited spacecraft trajectory is given here for complete-
ness, but is similar to others in the literature.1 First consider
the equations of motion:

r=v (1)

(2)

(3)m = -b

where r and v are the position and absolute velocity vectors of
the spacecraft, g is the gravitational acceleration, and T is the
thrust acceleration of the engine. The mass is denoted by m,
and b is the (nonnegative) mass flow rate of the engine. The
thrust acceleration magnitude is T = bc/m, where c is the
exhaust velocity.
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Necessary Conditions for an Optimum
To apply the necessary conditions for a minimum of /, one

forms the Hamiltonian function2

H= (8)

where F = Yu with u being a unit vector in the thrust direction.
The adjoint vectors satisfy the equations

and

(9)

(10)

where G is the (symmetric) gravity gradient matrix dg/dr and
the boundary conditions of Eqs. (9) and (10) depend on the
terminal conditions for the trajectory. Combining Eqs. (9) and
(10) gives

(U)

Invoking the Minimum Principle, one minimizes the instanta-
neous value of the Hamiltonian H with respect to the thrust
direction u by aligning u opposite to the adjoint vector Xv. For
this reason it is customary to define the primer vector after
Lawden,3 p(t) = — \v(t)9 which defines the optimal thrust
direction. Equation (11) can be written as the primer vector
equation

= G(r)p (12)

From Eq. (10) the adjoint vector \r is then equal to p and
the Hamiltonian with the optimal thrust direction can then be
expressed as

pTg Tp (13)
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The Hamiltonian of Eq. (13) is then minimized with respect to
the thrust acceleration magnitude F by setting

which, along with

ar2 = i >o

(14)

(15)

indicates that a minimum of His achieved. The optimal thrust
acceleration vector T(t) then has the same direction and mag-
nitude as the primer vector, and must therefore be equal to the
primer vector

T(t)=p(t) (16)

determined. Because Eq. (21) is fourth-order, its solution is
expressed in terms of four arbitrary constant vectors whose
values must be chosen to satisfy the boundary conditions. The
boundary conditions for a rendezvous dictate that the solution
to Eq. (21) for r ( t ) satisfy the four specified values of r(t0),
v ( t 0 ) , r ( t f ) , and v(tf).

For an interception, however, the final value of velocity
v(tf) is unspecified. If the terminal constraints do not depend
on the final velocity, satisfaction of the necessary conditions
requires a zero boundary condition on the adjoint vector
associated with the velocity, Xv(//), which is equivalent to a
zero value for the primer vector. Thus, for an intercept the
four boundary conditions are specified values of r(t0), v(t0),
r(tf), along with/?(//) = 0. From Eq. (17) it can be seen that
this latter condition is a boundary condition on the final
acceleration, namely that r(tf) = g[r(tf)].

Equation Describing an Optimal Trajectory
Combining Eqs. (1) and (2) yields

(17)

where Eq. (16) has been utilized. Equation (12) can be incor-
porated by differentiating twice

G(f-g) (18)

where the superscript iv denotes the fourth time derivative and
Eq. (17) has been used to eliminate the primer vector. Note
that Eq. (18) is expressed completely in terms of the position
vector r and its derivatives.

One next needs to evaluate the vector g to achieve the
desired final equation. First, note that

Differentiating again,

g = Gr + Gr

Substituting Eq. (20) into Eq. (18) yields

riv - Gr+G(g-2f) = Q

(19)

(20)

(21)

Equation (21) is the desired equation for an optimal power-
limited trajectory. This is the only equation that needs to be
solved to determine the optimal trajectory. Every solution of
Eq. (21) for r(t) is an optimal power-limited trajectory in the
gravitational field g(r). The desired solution is the one that
satisfies the specified boundary conditions, as discussed
above.

The optimal thrust acceleration vector can be computed
once the solution r ( t ) is known from

(22)

If the computation in Eq. (22) is inaccurate due to the subtrac-
tion of two nearly equal vectors, then the thrust acceleration
can be calculated by solving Eq. (12).

Unfortunately there is no single equation analogous to Eq.
(21) for a thrust-limited engine (0 < F < Fmax). On a thrust-
limited trajectory the optimal thrust direction is also the direc-
tion of the primer vector, but the thrust acceleration magni-
tude instantaneously switches between the limiting values of
zero and Fmax depending on the magnitude of the primer
vector.

Boundary Conditions for Rendezvous and Interception
The solution to Eq. (21) satisfying specified boundary con-

ditions, for example a rendezvous or an interception, must be

Inverse-Square Gravity Field
The solutions to Eq. (21) for the cases of a uniform gravity

field and for the Hill-Clohessy-Wiltshire linearized gravity
field are developed in Ref. 4 for both rendezvous and intercep-
tion. The solution for the inverse-square field will be consid-
ered here.

The inverse-square gravity field is given by

(23)

where /x, is the gravitational constant of the central body.
The gravity gradient matrix needed in Eq. (21) is calculated

to be

• = -^ (3rrT-r2I)
r5 (24)

where 7 is the 3 x 3 identity matrix. The matrix G in Eq. (21)
is given by

(25)

Substitution of Eqs. (23), (24), and (25) into Eq. (21) yields the
equation for an optimal power-limited trajectory in an in-
verse-square gravitational field. As an example, the two-di-
mensional components of this equation expressed in polar
coordinates are

»-6r'e2 - 2rdd - 3rff2 - rO4 - - (2M - 6rr2

- r302 + 4r2r) = 0 (26)

(r0 _ rff) = 0

(27)

where the superscripts iv and Hi denote fourth and third time
derivatives, respectively.

The initial conditions required to numerically integrate Eqs.
(26) and (27) are the initial values of the dependent variables r
and 6 along with their derivatives up through third order. The
values of r0 and 60 are given by the initial position vector r0

[r0 = [r0 0] = rT
0 (28)

and the values of r0 and 00 are obtained from the initial
velocity vector v0

(29)
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The other initial conditions are designated by the constants
oil, «2» «3» and 0:4. These are the initial components of the
thrust acceleration vector and their initial rates and are the
variables iterated on to achieve the desired final rendezvous or
intercept conditions. In particular,

along with

: 3 / v ,
rn

H ,-—;+ OLi
r^

roeo = a2- 2r060

(30a)

(30b)

(3 la)

^ ~ r003
0 ~ 2°oon + a4 (31b)

r£

sents an optimal trajectory through the specified gravitational
field. The equation for an arbitrary gravitational field has
been derived and specialized to the inverse-square gravita-
tional field. An example trajectory is described and the signif-
icant increase in pay load attainable by an optimal trajectory is
illustrated.
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These general initial conditions simplify for a circular initial
orbit of radius rc as follows:

(32)

(33)

and

= a4-2 Oil

(34)

(35a)

(35b)

In some applications fewer than four a parameters need to
be iterated. One example is a time-open, angle-open, circle-to-
circle low-Earth-orbit (LEO) to geosynchronous-Earth-orbit
(GEO) transfer. In this case one can select OL\ = 0 (tangential
initial thrust) and choose a2 to be a realistic value of initial
thrust magnitude divided by the initial mass. The numerical
integration is terminated at a time T for which GEO altitude is
reached and the values of a3 and/or 0:4 are iterated to achieve
zero final eccentricity. For very low thrust levels the eccentricity
remains very small for the entire transfer.

Numerical Example
For an initial thrust of 4 N, mass of 1000 kg and 15 kW

power, an optimal LEO to GEO transfer is obtained by inte-
gration of Eqs. (26) and (27) from r = 1.05 to 6.61 Earth radii
with «i = MI = «4 = 0 and a2 = 4.08 x 10~4 in canonical units
(IJL= 1). The transfer time T is 1440 time units, which corre-
sponds to 13.5 days. The optimal final thrust magnitude is
2.47 N with a propellant consumption of 383 kg. By contrast,
running at (non-optimal) constant 4N thrust magnitude in the
optimal thrust direction takes a shorter time equal to 10.0
days, but requires a significantly larger 463 kg of propellant.
Assuming this saving of 80 kg of propellant (8% of the initial
mass) can be exchanged for an equal amount of payload,
using the optimal trajectory can increase a 160 kg payload to
240 kg, representing an increase of 50%.

Concluding Remarks
For a power-limited spacecraft, the equations of motion

and the necessary conditions for an optimal trajectory have
been combined into a single fourth-order differential equation
for the position vector. Every solution to this equation repre-
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Introduction

G ENERALLY, one has little cause to estimate an attitude
in spaces of dimension higher than three. This exercise,

however, will afford an insight into the workings of a well-
known attitude determination algorithm in three dimensions.
In addition, should the dimensionality of our world ever in-
crease without notice, we will be all the better prepared.

An n x n proper orthogonal matrix A satisfies

A A. — Jnxn

detA=l

(1)

(2)

Equation (1) is equivalent to n(n + \)/2 constraints on the
matrix A. Hence, A can have only n (n — l)/2 free parameters,
as remarked by Bar-Itzhack1 and Bar-Itzhack and Markley.2

Thus, A may be represented in terms of matrices of manifestly
smaller parameter dimension. For example,

A =exp(9) (3)

where 9 is an n x n antisymmetric matrix whose independent
elements are the n -dimensional generalization of the rotation
vector.1 Likewise, one may write2

A = (4)

Received April 26, 1991; revision received April 24, 1992; accepted
for publication May 17, 1992. Copyright © 1992 by the American
Institute of Aeronautics and Astronautics, Inc. Under the copyright
claimed herein, the U.S. Government has a royalty-free license to
exercise all rights for Governmental purposes. JHU/APL reserves all
proprietary rights other than copyright; the author retains the right of
use in future works of his own; and JHU/APL reserves the right to
make copies for its own use, but not for sale. All other rights are
reserved by the copyright owner.

*Senior Professional Staff, Space Department, Guidance and Con-
trol Group. Associate Fellow AIAA.


